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A History of Abstract Algebra
By Israel Kleiner. Boston (Birkhäuser). 2007. ISBN-13: 978-0-8176-4684-4. xiii+168 pp. $49.95
Abstract algebra is the area of mathematics that studies algebraic structures. While until the early 19th century the
word “algebra” mainly meant studies related to the resolution of algebraic equations, by the beginning of the 20th
century algebra had developed into the study of axiomatic systems such as groups, rings, and fields. The development
of abstract algebra coincided with that of the theories of algebraic structures and was boosted by the search for new
tools to address those classical problems not previously solved by classical means. These problems were mainly
related to the solvability of algebraic equations by radicals, and to open questions in the theory of numbers, geometry,
and analysis.
The book under review provides a concise account of the history of the basic concepts and main results of abstract
algebra with a focus on showing how abstract algebra has arisen in attempts to solve some of the classical problems
previously mentioned. Meant to be used by teachers of courses in abstract algebra and in the history of mathematics,
the volume contains eight chapters, the first of which consists of a short overview of the history of classical algebra.
Here the author briefly outlines the main results of the major ancient civilizations—Babylonians, Egyptians, Chinese,
and Hindu—and continues by mentioning some basic concepts of Greek and Islamic mathematics and 16th-century
attempts to solve cubic and quartic equations. Following a chronological order, the development of symbolic notation
and subsequent theoretical studies of general equations are discussed in order to conclude this introductory chapter
with a section on symbolic algebra that will lead the reader to the developments discussed in the subsequent chapters.
The following four chapters describe the main structures of abstract algebra: Chapters 2, 3, 4, and 5 discuss aspects
of the development of the theories of groups, rings, fields, and vector spaces, respectively. In Chapter 2 the author
presents a history of group theory by outlining the origins of the main concepts, the principal mathematicians involved
and their results, and subsequent independent developments that took place over the first decades of the 20th century.
Chapter 3 illustrates a history of ring theory—both noncommutative and commutative—by starting with key examples
and then giving the abstract definitions. In particular, after discussing the abstract definition of a ring, the author
focuses on Emmy Noether’s and Emil Artin’s studies of the 1920s. The following chapter outlines a history of field
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These three theories are discussed as sources of field theory and the main events in its evolution are presented. Among
the fundamental notions of abstract algebra, the author devotes a short chapter to the history of linear algebra focusing
on its connection with groups, rings, fields, and Galois theory and on the theory of vector spaces. As in the previous
chapters, the basic questions, the main results, the mathematicians involved and their most significant contributions
are presented. Each of these four chapters, which include a history of an algebraic structure from its origins in the early
19th century up to the turn of the 20th century, is self-standing and provides a clear explanation of the basic concepts.
The discussion of vector spaces naturally introduces the topic of the sixth chapter in which Emmy Noether’s alge-
braic work is analyzed, this being the only chapter completely devoted to the results of a sole mathematician. Noether’s
contributions to invariant theory, commutative and noncommutative algebras, and representation theory are discussed.
With his exposition of Noether’s legacy, the author describes Noether as the central figure of abstract algebra.
The first six history chapters are followed by a short chapter in which the author presents what he calls “a course
in abstract algebra inspired by history” (p. xii). He describes a course he had taught at his university in an In-Service
Programme for high school teachers of mathematics, setting the context by presenting a history of abstract algebra in
100 words or less. His main point is to show how abstract concepts originated from and contributed to the resolution
of classical problems and how the new problems go beyond the goal of the originals, surpassing them in significance.
In order to do this, the author exposes five problems of the classical era—on the laws of arithmetic, on the solution
of Diophantine equations, on constructions with ruler and compass, on solving equations by radicals, and on complex
numbers—each followed by solutions of problems that arose from them. These proposed questions are indeed key ex-
amples of the strong relationship between classical and modern problems and therefore between classical mathematics
and abstract algebra. The course described here may well serve as an inspiration for mathematics teachers and repre-
sents a useful source for algebraic exercises to be proposed to students in algebra and history of mathematics classes.
The concluding chapter contains biographies of six mathematicians (Arthur Cayley, Richard Dedekind, Evariste
Galois, Carl Friedrich Gauss, William Rowan Hamilton, and Emmy Noether) which are included “to emphasize the
human face of the subject” (p. xii). Indeed, a brief overview of their lives, with some historical and political context,
and a summary of their work is given. These short biographies vary in length and the author focuses not only on
the mathematicians’ algebraic contributions, but also on results in other scientific areas, although to a very different
extent. Indeed, the choice of presenting the biographical sketches in different lengths and details does not always give
the right perspective on the mathematician’s significance.
The author’s aim for this book was not to give an exhaustive account of the history of algebra. Indeed, this volume
provides an outline of the most significant ideas in the creation and development of abstract algebra to be taught in a
first course in the subject. For this reason, the primary audience for this book would be instructors of courses in abstract
algebra and the history of mathematics, and their students. However, this book may also be appreciated by an audience
of mathematicians and historians of science. The author includes references at the end of each chapter; the historical
ones are for the most part secondary sources that teachers and students can easily access. Although the author does
not base his argument on primary sources, his focus on the mathematics shows his firm belief that “the history of
mathematics can make an important contribution to our . . . understanding and appreciation of mathematics” (p. xi).
The book is strongly based on six articles, previously published by the author, that have been reprinted in full or
in part with minor changes. Due to this fact and also to the structure of the book, while the chapters are independent
from one another, there are several repetitions throughout the volume.
Overall, this volume makes for enjoyable reading and has the merit of gathering together topics in abstract algebra,
which usually can only be found in several and diverse sources, along with extensive and useful references. It demon-
strates clearly how the history of mathematics can help one understand mathematics and it is a valuable resource for
a variety of different audiences, namely teachers, students, researchers, and scholars.
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